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ABSTRACT

The decay of earth satellites has been analyzed
using both a numerical integration and an approximate
method, The numerical integrztion utilizes the vari-
ation-of -parameter method with second order earth
gravitational potential. The approximate method was
developed via conservation of energy equation but for
unexplained reasons would not agree wilh observed
satellite decay without the inclusion of an additional
linear cccentricity factor, Including (c/100)°:3 86 per.
mitted the approximate method to agree with numeri-
cal calculations and obsecrved data. The usual re-
striction of approximate mecthods at low cccentrici-
ties was removed by the addition of a non-linear
torm previously computed numerically, The lincar
approximate method was found to be valid for linear
cccentricities larger than 150, The effect of a vari-
able drag coefficient and projected area was found to

be an important factor and of the order e?,
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I. INTRODUCTION

The motion of satellites is no longer a new subject., The fleod of
papers and notes in current journals would indicate that considerable at-
tention has been given to the problems of space flight and atmospheric
re~entry, In many of thesc studies the analysis pertains to one of two
aspects: orbital motion or re-entry. Less attention has been given to
discussion of the satellite's motion throughout its entire lifetime. In
particular, analysis of the transition flight between orbit and re-entry
has been lacking, This study has heen a two-pronged analysis of satel-
lite motion with the vbject being decay prediction. The analysis is two-
pronged in that both an approximate method which permits grapbhical or
similarly cqually easy solutions and refined methods requiring numerical
integration by modern qomnputing machines arce employed,

The approximate method reviewed and improved by an empirical
factor, is limited in long range prediction by the nature of the sun's in-
fluence upon the carth's atmosphere,  This is important, however, only
above 300 km,  The form of the solutions obtiained through the approxi-
mate method is well suited for analysis of the gross satellite motion, de-
cay, and atmospheric density, More detadled information is to be 1
githered from the numerical solutions of the general three-dimensional \
cquiations, The three-dimensional equations of motion cquate the satel-
lite acceleration to the perturbing function.  The perturbing function is
made up of the first and sccond orders of the carth' s gravitational poten-
tial, and lift and drag forces, The orientation of the satellite in space is
also noted,  The second order differential equations are reduced to six
first order differential equations using the well known variation-of -
parameter technique, The solution of these six equations simultancously
is obtained numerically with an IBM 709, The variation-of-parameter
perturbation technique is well suited for describing the satellite motion
throughout the transition flight but is limited to the order of several hundred
revolutions by machine time. Since this is a numerical solution, the
analysis of satellite motion consists in obscervations of several cases, This

calculation describes the secular and periodic motion of the orbital clements.
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The numerical solution also serves as an "exact" solution to check the
approximate method. Also the approximate method is corrected to

agree with the numerical solution,

II, FORCES ACTING ON AN EARTH SATELLITE

A satellite launched into an orbit about the earth travels through
a magnetic field, a radiation field, and the earth's atmosphere, These
fields can cause cither a retarding or an accelerating force. The most
important force is the drag and lift created as the satellite passes through
the earth's dense atmosphere, Each of these forces will be examined
in detail in this scction, Four fundamental satellite shapes will be con-
giderod; sphere, flat plate, cylinder, and prolate ellipsoid. Most any
actual satellite cian be thought as a composite of one or more of these

shapes, The final outcome of this section is the writing of the perturbing

function,

A, Forces due to the presence of celestial bodics
1. ‘The enrth
The gravitationil potential of the carth can be expressed
as an infinite series
n

KM T Re

- . BM - J . :] H ;

U = =1 >_ U B (siny) (2.1
n=1

where § represents the latitude and R@ the earth's equatorial radius., The
cquatorial radius is given as 6378.145 km. The carth's gravitational con-
stant, KM, is cqual to 3.98614 X 105 km? /sec?, The coefficients of the

serics were originally designated by Jeffrey (1) as J and D, where

T
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The J and D coefficients have been redetermined since that time by

Cornford, King-Hele, and Merson (Ref,2) through observations of the

secular satellite orbit motions, The current values are

J = [1624.6 £ 03] x 107°

D=[57¢t08] %10

Before the sccular motions of the varth satellite were available
for study, the odd harmonic terms of the serievs for the carth's gravita-

tional potential were assumed to be zero, i.e,, the varth was thought to

be symmetric about the equator, Now it has been shown that the odd
The first harmonic can, however, be made zero

hiarmanics do exist,
When the center of

by placing the axis systom at the center of mass,
miass is nat at the point of symmetry, other difficulties will be en-

countered in determining the height from the carth's surface and the cor-

responding density,
The force per unit mass acting on the satellite due to the carth's

= QU, Wilh spherical

gravitational potential is the potential gradient F
pular coordinates centered at the center of mass, the components of the

gravitational force along the radius, latitude and longitude, respectively,

are

F_ 2 4
X ay ——1%4-[14-.1(%) (1-3 sinz{//)"-",-f)'(':'.{‘) (35sin

~ 30sin®y + 3) 4+ . . ]
(2.2)
Fu 12U R? 2D R¢
e ' :JKM(?‘-) sin 2y +-7—KM(-’-_1,-) sin2¢ (3 ~7sin* ¢ )4+ ...
3
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It is usually more convenient to use a coordinate systemn located

in the orbit plane rather than the geocentric éystem above. The axis
system in the orbital plane is designated r, ¢, @ (see Figure 1). The

direction of ¢ is in the plane perpendicular to the radius vector and «a
Severa) relations between

is the direction normal to the orbital plane,
These can be found through the

the two axis systems will be useful,
use of spherical and plane trigonometry,

—

EQUATORIAL % e ——

PLANE

ORBITAL
PLANE
a |
|
\/
T
Figure lI. Relations between geocentric and orbit axis system

TR 465

A

i



3

These relations are

(1) cosd =cos{\ - Q)cosy
(2) siny = sin¢ sina
‘ (3) cosa =cosy sinf

sin(h — )

sin ¢

tany
(5) tana = M=)

With the axis system located in the orbital plane, the components of force

n

{4) sinf3

duc to the earth's gravitational potential are

F 2 ‘
k= —-55‘14 [l + .T(—l-:—) (1 -- 3sin? ¢ sinta) -:112 (—?«) (35 sin* ¢ sin* o

m r

- 30sin® ¢ sin @+ 3)+ . . ]

@ sindcosd + 2 Bﬁ" KM [ZBsin‘a sin* ¢ cos g (2.3)

F 2
i RPN § SRR
— 12sin® @ sin¢ cos q,]

-2 L LTKM ——1- sin¢g sina cosa + 3

¥
< D B‘- KM [&8 sin? ¢ sind @ cosa

—~ 128in¢ sina cos a]

R S RIS

IR
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In addition to the forces due to the earth's gravitatibnal potential,

there is a force due to the interaction between the satellite and the carth's

magnetic field, This force was, for example, predominant in causing the
motion of the Tiros I spin vector (Ref.3), Previously (Ref,4), the only
interaction considered was due‘to the cutting of the earth's magnetic

lineg by the induced electrical charge. Another interaction which should
be included is between the satellite internal current and the earth's mag-

netic ficld, Such a farce is desceribed by

F=jXDB,

In particular

dFF = 0,10i(dS X 13,) dyncs

where the current (amperes), i, flows in a length {centimeters) dS of
wire in i magnetic field (Gauss)ll, For Tiros I, there is an equivalent
currvent of one ampere {lowing around the eight-foot base diameter which

produces a force of
[ )

¥ o= 23 sine 0 dynes

where 0 is the angle between the current and the magnetic lines.,  This

force is comparable to the drag force, The force is, however, not always

of the same sign, The existence of this force resulving from an internal

current is extremely imperetant and bears further examination,

2, The Sun and Moon

The sun exerts considerable influerce upon a satellite,
cither by gravity, radiation pressure, or indirectly through its influence
upon the carth's atmosphere. The nature of these influences has been

discussed in detail by many authors. The conclusions to datc are that

atmospheric heating is the means of increasing the density during exposure

to the sun. Another observed phenomenon associales an increased drag
with solar storms. This latter correlation has lessened the hope of de-

veloping long range decay prediction since solar slorms are as yet un-
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predictable. The obvious escape {rom this difficulty is to limit the anély- _

sis to altitudes below 300 km where the sun's influence has been ob-
served to be small or non-existent, Other dxfilculnes are encountered

o _.’"T'f’/.__also ‘above 300 km, At extrerme ranges, “of the ordcigf the earth's radii

o or more, the solar gravity field and’ ;‘@dlétiQn pressure, as well as the

. lun:ir gravitational fuld. must be mcluded in the perturbmg function, -
The sun and moon have an influence on the earth's at-

' ' mosphere ‘below 200 km in the form of-atmospheric-tides:” Atmospheric
“tides have been detected from Ppressure-measurements to occur twice a

This is cquiva-

7 ; ST == day and have an amplitude of 2 mm Hg pressure change,

- - : : lent to a & kmialtitude (lmngc. Obscx-vatmnh of satellites, have not as yet,
s __ o B _r_cvualw] a bvh.wmr whu h can be ﬂtlrlbutcd to. atmo&phcru txdcs. - l't is.un-

- km wuuld bc important in view of the present )

B o _ __ _ llkuly tlmt a variation of 2

= - —orstate of knowledge of the varying fonospheric density,

g B, Forces due to the presence of the earth's atmosphere

i : The satellite passing through the earth's atmosphere experiences
acrodynamic forces of 1ift and drag as well as moments about the center
Y i

These acrodynimic forces and moments van seriously effect

The effect of drag is well known but whether lift and
An

of pravity,
the satellite arbit,
moments augment or diminish the decay is not se well understood

analysis of the effects of these three quantities on the lifetiime of a satel-
First, however, the carth's atmosphere

lite is presented in this section,

: _ should be specified,
In free molecular flow, the number and encrygy state of the air

particles is of interest. Usually, the density is expressed functionally

as an exponential

% P = pp CXP [- L—;:;—Lh et )] (2.5)

where H represents the scale height defined as

[

1

A
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: - R, T RoTy
= - .: )
H=fr = ey (2.0)

_As can be seen, the scale héigﬁi is a function of the atxhospheric tempera -

“ture and molecular mass. Consequently, Lquatmn (& 5) is limited_to zm .
T - 7 o i *

altitude close to th r@xmmmm {hy). Above 300 km, the variauon -

‘ F iy

_ _valid over a range « of 100 km ahove the reference altitude.

tween 100 and 300 km,
100 and 300 km is the t tr.mh;tmn botwocn two Iunclmns wlnch l‘it tho at-

-, moaphoru (lnlhl._ Ah A further ex mnplc fur i rcferc-m.e altltude at 200 km,

-itbove 350 km is a power fuunction,

of the scale height and. dens;ty are near]y_]mear and Equation-(2,5)-is. - . .- . ...

As an example, . _ _
slartmg at-300 km," thc density- usm;, Equation (£.5) will be 20 per cent too ™
low at 360 km. The error is much larger if the reference altitude is be-

“T'his is to be expected since the region between

“the error At 260 km is about 50 per rcnt too luw.

An alternate expression which more closely fita obuerved values

| n
1
p o= po(-ﬁo-) (&.7)
The value of n which fits the 1959 ARDC model atmosphaere is

about 1/6,
Figure 2 is a compiarison of this funclion with the atmospheric

A smoother representation would result if the value of 6.38
in us«.ed.
maotlel,
In place of ecither of these two equations, the actual atmospheric
model can be used, In machine computations such as used for this study,
i subroutine to look up and interpolate the atinospheric table can be in-
corporated, This form is necessary in attempting to preserve accuracy -
throughout the computations, :

Each of these three methods inherently assumes that the carth's .

atmosphere has the same shape as the earth. Logicaily, it would be

expected that the oblateness of the atmosphere would be different from the
oblateness of the earth. A more exact shape is currently being evaluated

by Jacchia (Ref, 5).
In addition to the density, a model of the atmospheric tempera-

A e R e bl i, '
I Il i N

ture and mass is required. These two quantitics are sometimes grouped .
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together as the molecular-scale temperature. The following is the -

general form of the molecular-scale temperatures function (Ref.6), '
Ty =(’1M)b+ LM(Hme) {2.8) .
- where
H = Geopotential altitude in km

= The molecular-scale temperature is °K at
altitude H

= dTM/dH

II, = Geopotential in km at the base of a particular

layer characterized by a specific value of LM

= The value of 'I‘M at altitude I-Ib

(1)
M b

The values of the coefficients are given in Table 1.

Table 1
Temperature-Height Profile of 1959 ARDC Model Atmosphere

_l-l“bw* ( 1‘M) b Ly ~ "K/ kx:: .
79 165.66 0.0
) 90 165.66 4.0
105 225,66 2.0
160 1325.,66 1.0
170 1425.66 0.5
200 1575,66 0.35 :
700 3325.66 0.35

1. Drag forces

The drag force acting on the satellite is proportional to the
dynamic pressure and the area, The factor of proportionality, termed the

- drag coefficicnt, is a function of the relative velocity of the satellite with

= respect to the atmosphere, the density of the atmosphere, and the surface

conditions of the satellite. The density of the atmosphere dictates which

aerodynamic approximation is uscd to describe the dray coefficient, The ;

yoior
|

oA
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'régions of flow to which each approximation is applicable are commoxﬂy
separated by the Knudsen number, a non<dimensional ratio of thc mean
free path to some pertinent body dimension, Expcriment's in free
molecular flow (Ref. 7) indicate that the "so-called" free molecular theory
becomes applicable when the Knud-en nummber is greater than two, As
discussed previously (Ref.4), free molecular theory is, on this basis,
valid for all satellite orbits above 130 km (assuming a satellite length of
25 m). The launching of larger satcllites such as the 100-foot balloon,
will require the addition of « transition drag correction to the free
molecular flow theory as the satellites descend below 160 km,  The de-
pendence of the drag coefficient on the satellite velocity and surface con-
dition will not be derived from first principles in the succeeding sections,
For a more detailed discussion of the drag coefficient, the reader is

reforred to Refs, 8, 9, and 10,
(a) kstimation of molcecular speed ratio

One of the basic dimensionless parameters in the frec

molecular flow is called the molecular speed ratio, and is defined as;

where

v = 2RT
M
The satellite velocity is denoted as V and the maost probable
molecular speed as vo The molecular-scale temperature, and the gas

constant R arce obtained from Ref, 6.

A range for possible molecular speed ratios encountered
by satcllites at various altitudes is of interest, The minimum molecular

speed ratio will be defined in terms of Vcr.

Ve
_r

S | e
min v

where Ve is the circular satcllite velocity at a distance r from the earth's

center and is defined as

TR 465 11
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For vehicles in elliptical orbits, the total velocity is

givenas o o

e [RH (1 4+ 26 ;s.’f . é;')_ll.z e U
o o B ; c . P .
. - - PR e U i oL L T T .;V,. . - r - =" I+ e-cosf -t ot CotT— st s - STt T T (2.9) N - " )

__'I‘hc_eartl_l's g-r_a_v./i-t-ational coﬁstant is represented as KM, The vélocity

at perigec can be expressed as a function of the circular velocity by

VgVe llte L 210

It can he seen that the velocity at perigee for an elliptical
6rbit of low eccentricity {(such as most satellites around the earth) is
only slightly larger than the circular satellite velocity at the same point,
and that the minimum spced ratio is a good representation of the actual
molecular speed ratio at the perigee points, :‘

The molecular velocity as a function of altitude is il-
lustrated by Figure 3 while the values of Smin as functions of altitude
are plotted in Figure 4. It is seen that in the 150-600 km altitude range,
the range of interest for present carth satellites, the minimum molecu-
lar speed ratio ranges between six and ten, The most probable molecu-
lar speed increases from a value of 0,782 km/scc at 150 km to 1.285 km/scc
at 600 km,

For conditions of diffuse reflection, the drag cocfficient
will be based on the re-emiscsion speed ratio, Sr' The velocity of re-
emission is not clearly defincd. Most likely it is a function of the sur-
face conditions. However, the only readily available measure of condi-
tions is the surface temperature. Consequently, it is usual to assume the
velocity of re-emission to be

vr = aR'rskin -

ol b o | |
Vool Wl g

1
R
g b Lol
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Thc wall temperature varies from recovery temperature

Above an altitude of about 200 km the heat

to ambient gas tempcrature.»
flux,

transfer due to the mudent molecules becomes less than the solar
Consequently. the wall temperature is determined from a radiation

- balance, Since it is unhkely that the emissivity of the satellite can be

made less than 0,01,

the maximum- surface temperature .above 200. km__

will be 1250-°K:" This temporaturc will always be less than the free

e stream- tempemturc above 200 km in which case the re- ciigsion speed

ratio can be specified as equdl to the mudcnt mol('('ular speed ratio,
For ﬂl;.,ht bc]ow 200 km w}wrc free molecular heat trans-

fer is important, the re-cmission speed ratio can be computcd (Ref, 7)

for the.extreme case of-no heat transfer. This neglects effects of fadi-

Stalder obtained experimontal verificiation for this

--ation and-conduction,
The functional relition botween

condition using a Knudsen number of two.,

the fwao apeed ratios can he approximated as

S, % 1.645 . 0,18(6 ~S)2 ; §<6 (2.11)

emission speed ratio is always much smaller than

This i8 to say, the re-
The effects of conduc -

the incident molecular speed ratio (sce Figure 5).

tion and radiation are expected (o drastically reduce the surface temperi -

ture and therceby increase the re-emission speed ratio, If recovery tem-

perature was reached or in effect, radiation and conduction were negligible,
the drag due to the re-emission could contribute a maxirmum of 40 per cent

of the total drag force as will be seen shortly, In practice this will not

occur but it is interesting to note that the drag ceefficient could be
mission speed ratio,

come
atmospheric dependent through a variation of the re-e
(b} Estimation of drag coefficient
Initially the satellite will be in frec molecular flow which
is assumed to exist when the atmospheric mean free path is equal to twice

the characteristic dimension of the satellite, Experiments have been made

which verify this assumption., When the Knudsen number becomes less

[
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than two, some type of transition flow such as slip flow occurs until con-
tinuous flow is reached at Knudsen numbers of about Kn = 0.0 for or-
bital vehicles. This transition region will most likely begin as the satel-
lite is still orbiting. As an example, the transition point (Kn =2,0) for
the Discoverer satellites is at abovt 130 km, Below 130 km drag coef-
ficients based on experiment or vne of the theories such as those which
include one collision between air molecules would be used. In any case, the
general trend is to decrease the drag coefficient from the free molecular
condition, As will be mentioned later, at an altitude of 130 km, the satel-
lite is about to begin its terminal phase, Numerical calculation using free
molecular flow drag coefficients indicates the satellite traverses 3/4 or
less of an orbit in descending from 130 to 90 km (see Figure 24). The er-
ror involved in using free maolecular drag coefficients in place of the more
realistic slip or continuum flow could not cause an error greater than two
revolutions, This is usually negligible for lifetime predictions. On the
other hand, if an impact point is desired, the more exact drag cocefficients
will have to be used,

The basic agsumption of free molecular flow is that the air molecules
hitve a4 Maxwellian velocity distribution superimposced upon the uniform masg
velocity, ‘Then, by neglecting collisions between molecules, the flux in-
cidence upon a given arca is computed, A drapg force also vecurs in the re-
flection of molecules at the surface. It is necessary, however, to make an
estimite of the surface conditions in order to predict the mode of reflection,
Usually a combination of specular and diffuse reflection occurs, The drag

cocefficients for four commonly encountered shapes are described below.

i, Sphore
With specular reflection from the surface, the free molecular

drag coefficient for a sphere based upon the frontal arca is

=2 4 2
Cp 245 L p( — 2y 41450 F ‘;5 Doeres) (2.12)
s Nn 8t “
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For a diffusc reflecting sphere

CD =_(-£_Si!_+3_l_l exp ( msz) + -(is—‘w-;g‘i—s-i—:l-! erf(S)
d WNT S (2.13)

+ W;’.ﬁ
“r

v here Sr is the re-emitted speed ratio.

‘Uhe combined drag coefficient is

. ) 2N .
Cp -CDB + R TE (2.14)

) R .
where K {8 the proportionality constant between diffuse and specular

reflections,  In gencral, this cocefficient is assumed to have a vialue be-

tween 0.8 and 1,0,

if, Wlat plate

Though no sitellitos presently in orbit are approximated
as flat plates, nevertheless cortiain portions of the satellites arce flat.
As an example, the tumbling cylinder will at frequent intervals projoct

a flat end to the airstream., g
The drag coeificients for a flat plate at an angle of attack,

a, with the wind velocity vector is

- sin A exp{ -- 8%sin? A )} + 4 (ff;in‘2 A+

.. = Hiu/\][
N1 S
(2.15)

+ ‘Z';-z*) erf (S sinA)

c, =— exp(-—S"sinA)+ZsinA(I+2—é1)erf(SsinA)
d 78 (2.16)

sin? A

-

A5
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The total drag cocfficient is

c.=Rc + (R - 1)C
D D, D,

ili, Cylinder transverse to the flow

(2.17)

The most important basic shape which closaly resembles

many presently orbiting satellites is the cylinder,

The drag cocfficient resulting from flow transverse to the

cylinder based on the frontal area is described below,

i, G o () () + 08280 [y ()

d
()]} e

L 2N 2 e s\2 . sl)
(_:l)H L= ‘—gs“ (?X]) ( —"':‘-) [(3 t x.f’z )IO (7) + (l 4 &S’Z )]l (—Z— ]

As in all cases, the total drayg is

Cpy = R(:Dl + (R - 1)(;”‘i

¢

iv. Prolate cllipsoid

(2.18)

(2.19)

(2.20)

This shape rescinbles some of the re-entry cones and may

be useful at times, ‘The surface arca of a prolate ellipsoid is expressed

as

A= S'Ca [tz —n2ye? - 1) ' dn dé
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foxKel

n/a 1/2
! S (3?‘ - cos? 6) sin 0 cos @ & (14
3 S ¢t Y
+ yS2 cos?0) erf ( ES cos 0)]+ S cosd exp (T'-Y;T cos? 6) de

2 2 y
- 8 1 C S‘ ((l 2 ) 2 . [ (
C 2 ——— g~ €08 0 8in0 |cosfO{1l +
Daittuse NZny TP E{ 0 ¢

(2.22)

+ 52 \/-3 cr_f)(ﬁ M cos 0) + 5, exp ( --% Mf_ cosn? 0) ] d0

. . , 2 3
B T L G
K 8 b Mr 8¢Z \¢ ' ra 8in as i ¢y

The drag cocefficients for the four basic shapes have heen presented
in terms of the molecular speed ratio and the satellites projected area,
What is gencerally done is to linearize the functional representations by
assmming 8 > > 1, This corresponds to hypersonic flow and approaches

the Newtonian theory, This assumption is only valid if the accuracy de-

sired is to the order of the orbital cccentricity., For higher order ac-

curiacy, such as that of ¢ or higher, it is essential that more exact repre-
sentations of the free molecular drag coefficients be employed,

The form of the drag coefficient is only a part of the difticulty

encountered in analyzing the satellite drag. The orientation of the satel-

lite itsclf is also important. However, when the hypersonic flow assump-
tion is made, the drag cocefficient per unit frontal area is identical for the
Thus, when the analysis is only to order of the

sphere, cone, and cylinder.
In the attempt at re-

eccentricity, the satellite orientation is not important.
fining the satellite decay predictions, higher order terms are included in the
orbit equations and in keeping with this incrcased precision, the satellite

orientation as well as the complete expression for the drag coefficient must

TR 465 20
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be indicated. In the following paragraphs attention will be given to
evaluating the drag cocfficient on an actual satellite,

The most evident way to begin is to analyze the space and earth
stabilized satellites. At one tine it was thought that a satellite could
be stabilized in space in much the same manner as a gyroscope, This
assumption was not upheld, as was proved by the observation of the
rapid motion of the spin axis of Explorer IV about the celestial sphere.
This posed a dilernma for photographing the earth from Tiros I, It has
heen substantially demonstrated (Ref. 3) that effects of differential
gravity forces cannot be neglected and are the cause for the sccular
motion of the epin axis, The spin axis in Explorer IV was observed to
move a8 much as three degrees per day and to have reached a maximum
deviation from the initia) orientation of 15 degreces on the celestial sphere.
In addition to the grivity torque there can also be a magnetic torque acting
on the satellite's span axis, It is safe to say, scrious sccular movemeoents
of the spin axis of a stabilized satellite do occur which will influence the
drag and conscequently the decay of the satellite,

Ar an instructive example nevertheless, consider a space stabil-
ized satellite, The importance of the satellite orientation will then be
demonstrated, Consider a satellite such as 1958 Zeta which is an Atlas
missile, Asstime this satellite to be spin-stabilized with the spin vector
aligned with the {light path at the initial perigee point, Approximately
one wevk later, the perigee will have regressed some 58 degrees., Refer-
ring to Sketceh 1 below, it can be seen that the drag coefficient will have a
value somewhere between the two extremes, A way of representing

the actual drag would be to assume that the drag coefficient depends upon

the argument of the perigee,

Cp =Cp +.(cD _ —Cp ) |cos (wg —w)| (2.23)
min max min

For this particular example

Cp =1.70 4+ 0.65 |cos(wy ~w)| (¢.24)
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Sketch 1

The motion of the argument of the perigee obviously can attribute
a maximum crror of 19 per cem on the 150th revolution whenwg —w =
90 degrees,  This should show that the dreag coefficient is dependent
upon the orbital elements and should nat be included as a constant,

To a much lesser degree, the sime can be said for an earth-
stabilized satellite, In this case however, the body axis will move with
respect to the velocity vector only a few degrees during the portion of
high drag encounter, This example closely approximates the concept
of A4 constant arca and drag cocfficient,

(¢) Istimation of lift coefficient

In addition to the drag, lift.in many instances will also be present,
Depending upon the vehicle orientation relative to the wind velocity, the
lift will act to either increasc or decreasc the centripetal force. Generally,
it will also have a component in the direction of the side and drag forces,
The drag due to lift will usually be a small fraction of the total drag. Even

though the side force due to lift is also small, it can create serious
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perturbation in the orbital motion. This gsection will deal with the mag-

nitude of the lift coefficient and determine the effect it has on the side

and drag forces.,
The first consideration is of a stabilized satellite, The
Con-

orientation of the vehicle in this instance will be fixed in space.

sider the axis system of Sketch 2:

Sketell 2 .

The satellite orientation is in reference to the r, f, @ co-

ordinates, For a spin-stabilized satellite, the angular momentum vector,
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I, is fixed in.spacc,
The momentum vector is located with respect to the N-E-y inertial
Using Euler axis transformation, the momentum vector can be

axia.,
The tranaformation is as fol -

specified in terms of the o-w - axis,

lows on the next page, .
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| cos 2 s8inQ 0 H
! Y1 - Y
HEl =|=-8in cos RO HE
HN‘ / 0 0 1 HN
H cosw 0 ~ sinw H
Yz Y1
HEz = 0 1 0 HE1
HNz sinw 0 CoBw HN!
HSZ 1 0 0 ”Yz
H ={ 0 cosa sinw .
w 2
Ha 0 - sina COB HN;

The momentum vector hins now been located with respect
to the orbit perigee. Further transformations arc required to locate
it in terms of the actual satellite position. The satellite is located in the

orbital plane by the angular measure from the perigee,  In this regard

1

H cos f Il 4+ ginf I
r w

Q
e (2.25)

hi|

cos f I!Qo-— sin { ”w

The angular momentum vector has now been located
with respect to the satellite position. The velocity vector is also located

with respect to the instantancous satellite position as

V. =t

r
Vf =V¢—r9$e cosa {2.26)
Va =r9$e sina cos ¢
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The angle of attack, yaw, and roll can now be determined
as the angle between momentum and velocity vectors, The angle of at-
tack is

f (2.27)a

Similarly, the angles of roll and yaw are
V.. H,
B =t (2.27)b

AN

mn

yaw

-

Va- H
@ (2.27)¢

roll & C e
EARREN

Lift forces can be created on unsymmetric shapes, One

wsually thinks of the {lat plate or cone at an angle of attack., Following

the same presentation as for drag, the lift coefficient for diffuse reflec-

tion from a flat plate iy

<, =5—"’£zi\- erf (S sin A) + ki sinSA cos A (2.28)
.nd . . . r

The 1ift cocefficient for the case of specular reflection is

C scos A | —d sinA exp( — S% sin? A) +
‘s NTS
{2.29)

+ 4(sin? A + ’Z‘é") crf (S sin/\)]

The actual lift coefficient lies between these two, i.c.,

’ !
CL=’\CLd+(/\—1)CLs 12.30)

The lifting force is always smaller than the drag force
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at moderate molecular spéed ratios. As an example, for S ; 6, the

L/D'§ 0.20, Though the lift force is small relative to the drag, its
effect in the radial direction may be important during the final stages
of decay.
2, Perturbing functions
The preceding scctions have served to formulate the

basic quantities nceded to state the force equations, It is the purpose

of this section to combine the various factors of gravity, drag and,
where applicable, lift into & form amenable for Yater use in determining

the motion of a ncar-carth satellite. The equaiions will be written with-

out proof in the orbital plane coordinate system,

Fe KM Re\*
T ST 1 +J T (1 — 3sin? ¢ sin? o) ~

n R\
7\ (35 swin* o sin* @ - 30 sin® $ sin @ + 3) ]

(CDA 1 C A
—-sz " 1'+—«pV T) (Vq'-r52$ cos a)
(2.31)

2IKMRZ lb

T:? = — -———-;———§- sin ¢ cos ¢ sin? a~—— T KM [&8 sin* @ 8in? ¢ cos ¢ —

C.A
. , i D
— 12 sin® @ sin ¢ cos ¢] ~5 P VR$<"‘:§T‘) (V¢ ~rQeccos a)+ -

C,A
l 1.
'l--.-pV (.._._) b
2 RO m .
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| CDA CL
~ 12si in@cos @] - = o Vp(r Qg sinacos ¢} ——] | 1 ~
sind sina ¢ ] 5P R ® m C_I;

I, EQUATIONS OF MOTION FOR A NEAR-EARTH SATELLITE

The force terms and the perturbing functions have been developed
in the preceding section and are now to be equated to the rate of change
of momentum, In general, the equations of motion in spherical coordi-

nates are given as

e

. F
(v¢+-rl’$’_)=_$ (3.1)

m m
Far
where
\' . .
__‘:? =d+ 0 cos a (3.2)
~ b sin a .
Q.= Sme (3.3)

These cquations are non-linear second order differcential equations
and conceivably could be integrated numerically as they stand, This,
however, would be in complete disregard of the brillant work of the clas-
sical astronomers. The classical astronomers developed several pertur-
bation techniques which when applied to the equations of motion offer many
particular advantages, The prominent special perturbation techniques
which are applicable ro the motion of a near-earth satellite are Cowell's,

- Encke's, and variation-of -parameter methods{Cowell's method is not a
p
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perturbation technique but is grouped as such when comparing the relative
merits of these three prominent methods),

The choice between the three methods depends upon the particular
trajectory to be encountered, Cowell's method, which is a direct integra-
tion of the accelerations, is suited for large perturbative forces, For
such forces such as rocket thrust, Cowell's method will afford the least
number of coinputations per step but will require many steps (Refs 11),

It has the disadvantage of requiring a large number of significant figurces.
Encke's method is best suited for moderate perturbations acting only during
a segment of the trajectory such as thrust forces applied intermittently
while in arbit to provide stabilization or in orbit transfer and turning,
ncke's method ig o true perturbation technique wherein only the accelera-
tion difference between the actual and reference orbit is integrated, This
integration of only the departure from a reference orbit perimits using
fewer dignificant figures and larger integration steps, The natural im-
provement to lkncke's method was the use of a4 continnously changing
reference orbit,  This is known as the variation-of ~parameter method and
is suited for small perturbation forces acting throughout the orbit. This
method permits large integration steps but the computations are exten-

sive in cach step, As this study is concerned with the satellite's motion
near and at its demise, the variation-of -parameter method affords the
minimum of computational titme and has Mexibility and control of the associ-
ated computational errors,

The variation-of -parameter method is the computation technique
uscd in this study. The reference motion of the satellite is represented
by a sct of orbit parameters which, in the absence of the drag forces,
would be constant from revolution to revolution. The drag forces, how-
ever, cause these parameters to vary, and the differential equations of
motion arce derived from these parameters. These differential equations
arc then integrated to describe the satellite motion. The description of
the reference orbit is provided in the following paragraphs.

The reference orbit, sometimes referred to as an oscillating or
instantaneous vllipse, is specified by three paramcters. In place of the

usual c¢ccentricity and semi-major axis, the dimensionless parameters
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p and q are used, The parameter p is the semi-latus rectumm of the oscil-

lating ellipse and also represents the product of velocity and radius,
P = ops (3.4)

where

(r
Lo = —;m% (3.5)
Also, 2
r°V
P = <__N$n) (36)

The secand parameter, q, is a product of the eccentricity and semi-

latus rectum,

q=Pe (3.7)

One other parameter is required to completely specify the refer-
ence cllipse.  This is the angle w which locates the argument of the
perigec with respect to some reference direction. The relation of » to
the polar angle and argument of the perigee i8 indicated below and in

Figure 6,
w=¢—f (3.8)

where f is the true anomaly, the anguiar displacement in the orbit plane
measurced from the perigec.

The orientation of the refercnce orbit in space remains to be
specificd, This is conventionally done by specifying the angle of inclina-
tion a, the line of ascending node Q, and the epoch time. Thesc six or-
bital elements completely specify the dynamical state of the satellite and
inherently require the momentum and the energy associated in the refer-
ence cllipse to be identical with those of the actual trajectory.

The second order differential equations of motion (3,1) have an
equivalent form as six first order differential equations in the oscillating
elements. In terms of these elements, the equations of motion in the

oscillating elements are given (Ref, 13) as
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Figure b6a, Trajectory coordinates

Figure 6b. Instantaneous ellipse coordinates
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{a) g';'; = ol V2N 3 ! | )
@ in ¢ cos a
¢ ';1 (.n_;) E_.?;V;___.
F .
o -2
v,
() m (_1::_1:)
m -
{3.9)
d) ..__"_"_i.( )
{ 33; v
¢
{e) g—% =-—--g§- cosf+ 8, sinf
d dn S
(f) a‘%"a?; cos @ — d¢ ain f——&l-coaf _J

where the quantity 8, is defined as

F
1 dpP C e 2 ds2
5, ='ZT5'(&'$ q sinf + P[-!E-M (-;ﬁl-') + l] (1 +37F cos a)

These six differential equations have been programmed for an
IBM 704 with the following auxiliary equations,

KM 1 +2ecosf+ e
2 . - 2
\ m—x_——-[lrJ-—z-(l 3sin? ¢ sin? a)l[ T TR S ]

rV. g
r :—-—i- gin f
} P

Vi =12 4 (V¢-r9ecos a)l+ (rfle gin a cos $)?

R
Fla  Fao 1 N
m m sin o
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These equations when programmed along with the various sub-
routines for evaluating the drag coefficient and density provide the
numerical solution to the equations of motion. The variation-of -parameter
method employed does have the disadvantage of singularities for the case of
circular orbits (e =0), The equations so chosen have as the independent
variable the polar angle ¢ which is in effect the true anomaly. At the
terminal phase of the satellite trajectory where the motion is nearly verti-
cal, this independent variable is a poor cheoice since small changes in it
are accompanied by large changes in the dependent variable. This how-
ever will vccur below 100 km and for all purposes the satellite has ceased

orbiting, In view of this, the cquations are not altered.

IV, NUMERICAI SOLUTION

The equations of motion (3.9) and the various auxilinry cquations
have been programmed for an IBM 709 using Fortram language. The
differential equations are integrated using the Adams-Moulton, Runge-IKutta
technique (Ref. 12), This subroutine integrates a sct of N simultance-
ous, first order differential equations, T'he choice of this subroutine
lies in the available option of integration step-sive. The Adams-

Maulton error-control permits adopting a variable step-size, mode 0,

or, o fixed step size, made 1, both with the fourth order Runge-Kutta in-
tegration method, Throupgh the usce of a varjable step-size, self-determined
by the magnitude of round-off ¢rror and truncation error permitted,
machine time can be saved at no loss of degired accuracy., The user is
free to specify the truncation error which is equivalent to specifying the
number of significant figures., The round-off error control is achieved

with the usc of double precision internally, The derivative calculations

are performed in single precision,

The variable step-size is limited in range between a lower and
upper bound, The lower bound is chosen as a compromise between the
desired accuracy and machine time, Usually, the lower bound is chosen
100 times the upper bound. After considerable experience is obtained

with the program, the fixed step-size mode | can be used which is five
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times {aster than the variable mode. Increments as large as 30 degrees

" have been used with small loss of accuracy, as indicated in the compari-

son below (Case 1),

Lo ln
P 14,4349 rad
v 6793.8676 lan
[H 0,0)1h0622
[§ 103 824800 ki
R. A, 5 H8B8034 rad
f 521,84 dep
Deap 0.62285% 107 Nowtonn/Ky
h 4160819 kn

Ad = 30°
12,4348 vad
6793,8723 kin
0,0150524
103.830909 lan
5 8HB031 rad
521,84
0.62280% 107
416.0874 km

5

Newtons/ Ky

. Increments as large as ninety degrees definitely cannot be used.

The accuracy check 18 made with an inclined orbit with no drag.

The machine is required to repeat all pertinent values for twenty revolu-

tions., This was achieved through the sixth decimal place,

Similarly,

the rate of change of right ascension and argument of perigee for an orbit

with no drag were checked with available values determined from serics

solutions {Ref,14) and agreed with the desired accuracy for the second

order earth potential, Secveral cases of results are presented below,

(Case 2).

>

EQUATORIAL ORBIT, ™ =0

{ h 4 V(t’

0 2L 1.8550 (0.09999999 8,1569862
1800,000 221.8549 0.0100000] 8.1569862
7199.999 221.8552 0.09999999 8.1569860

POLAR ORBIT, & =0
m

1800.000 221.8703 0.09999724 8.1569718

POLAR ORBIT, % =7.5% 107 km?/Kg

1800,000 22%.7991 0.€997]155 8.1559711
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The progfam has the t:ollowing f_eé.;urés. The atmospheric density
is obtained from a table rather than an exponential equation, By specify-
ing shape, the decay can be computed for either cylindrical or spherical

satellites or for the case of constant drag coefficient, For the spherical

" or cylindrical satellite, the drag cogjlﬁgi_f;m;is_cbmputed on the basis of .

_the molecular-scale temperature and specified constant accommodation

coefficient. The drag coefficient changes only a few per cent_with alti- .

-tude a8 can be obscrved in Figure 7, These few per cent, however, can
canre an additional height loss of one kilometer for every ten revolutions
as shown below for the Case 3 with Afm = 1% 10”7 km? /Kg.

; B N =10
N=0 ’I)=1'8 CD=‘"0 CD=Z.1
f 0 3602.74 3602.68 3602.63
r (km) 6578.1450 6566.8535 65064 ,8657 65603,7740
h (km) 200,0000 188.7886 186.7208 185,629
c .0200000 0.0140897, 0.0132895% 0.0128726
¢ (km) 134.247854 93,847324 88.41899 85,514985
R.A, 0 - 0.000004 ~ 0.000004 - 0,000005
Phi (deg) 0 62.8325 62.81.25 62,8325

A much larger effect is shown in the lincar eccentricity. For dif -
fusc drag coefficient the varintion can be greater depending upon the defini-
tion of the re-cmisdion speed ratio,

Normally, intcrest is shown only for the values of the orbital ele-
ments at perigee and apogee. However, at low altitudes, the perigee is
ill defined and it becomes necessary to define the orbital elementals at
every integration. The altitude for the change in information output can be
selected but it has been found to occur no higher than 150 km though it

may be lower.
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,, ’ : V. AN APPROXIMATE METHOD OF SATELLITE
: e S DECAY PREDICTIONS

) | _With the aid of the pgesgng_cgmpgte_r_pﬁggrgm.__rﬂiginns_haxc__
o . . .. . _. been-made in the-approximate satellite decay predictions (Ref.4). "This
program has been valuable in evaluating certain functions and determin-

ing relationships between orbital elements. A brief review will be made

of the approximate method, i
' pn-)_g-x;a_x_r_\-._ A {c‘st of_tﬁe approximate method will also be presented.on a - we e
B ' number of carth satellites. The results are very favorable. '
The basis of the approximate method lics in the law of conserva-
The drag force is assumed to occur instantancously

tion of enexgy.
The encrpgy lost duc to the drag is then sub-

during a given revolution,
tracted from the satcellite energy, and the orbital elemoent adjusted to

compensate for this loss, The loss of energy per revolution can be ex- ‘

’ pressed as
. -1l G
dle ~Ay W o
"HB}’)— =—21"CDA(V q)? exp S Cx])__i:w(lf; (5.1)
0

The approximations made in the cquation are within an order of
o e?, The equation employs an exponential density variation, The density
' scale height, G, is computed from the 1959 ARDC Model Atmospherc ’

{Ref.6) and ise plotted in Figure 8, The irregularities between 170 km )

“

and 280 km are due to the variation in molecular temperature,

Expressing the orbit radius, r, as

*+

r=q+c(1-cosf)+ﬂ(ez)

»
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R 3 o
_ &
1 iy - B - ~ - — - = _ LTl LT T _ BER) T.D 2 Tl -
S the mtegral can be evaluated in terms of Bessel's function. The loss
’ of energy per. revolution is then shown to be
| :
= dE - '
. D Ip{k)
T il [l “"?_)._P\I— {—~——(§°r——exp it
(PR IP P e e B2y T _
L nZTE 1, (k) 0.125 - 0.375eY , . . |
. + --—~——d<-)—-exp e+ X +
_ B where the argument k represents the product of density scale height, G,
and linear eccentricity. c, the terms L
- VI Iolk) g V2T L, (0
- explkjj exp
deviate from unity only as k — 0. For values of k > 4, the terms are
<1.01, For k >> 4, Equation (5,2) is written as
[T ‘,G o, 0.125 —0.375¢ ,
"V—&:(CDA) KM(l —¢)p - [l +et n ] (5.3)
To obtain the variation in the orhit duc to this cnergy loss,
differentiate the total energy associated with the initial orbit,
dE M d ]
e+ e (0 80)
" Thus a change in orhit energy will affect the perigee height and -
- - linear eccentricity, From the two equations, the motion of perigee and
- linear eccentricity can be evaluated, Frequently, the perigee and linear '
_ eccentricity are combined into one parameter, the semi-major axis
- from which the orbital period is determined, o
. i
=8 —c P = ZnKM (5 5) :‘:
R T '
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[EER RIS

"

: GA
dq de da o [inG D N2WK Jo (k) | AWk Ty (k)
PN R J (‘“m ) P [" et URGE (R b ] (5.6)

4

This can be related directly to rate of decrease in orbital peri-

od by
dP _ 3 P da
N "7z a aN (3.7)
The success of orbit decay predictions based on the rate

of decreasce in orhital period suggests that the two variables probably

are independent for at least large values of lincar eccentricity, There

is no simple equation which can be used to separate dq/DN and dc/dN,
The ratio dq/dc can be approximated with varying orders of accuracy.

The important factor about this ratio is ita independence from the

satellite size and shape, though it does depend upon density. With this .

in mind the variation of dq/dc with the linear cccentricity was computad
numerically using the program outlined previously. The results are
plotted in Figurc 9 as 1/1 + (dq/dc¢) which has limits of 0 and I, Thisg
information can be used directly to separate the variables., The next
step in forming an approximate equation for predicting decay is

integration of Liquation (5.0). Integration with limits extending from
the initial linear eccentricity to zero or the start of spiral decay,

depending upon initial altitude results in Equation (5.8).

¢ dqg -
T fm 0,025 - 0,375| (" " (' b ‘«'hi‘) Ve
AN R (-‘31_32\.)[ Prer s ]S. - oo de (5.8)
4]

The product (1 + (dq/dc))NE is proportional to /e for all
values of ¢ > 150, So in fact, dq and dc are independent for all values of
¢ 2 150. As will be shown later, values of ¢ < 150 are obtained only near

the very end of the satellite lifetime.
The orbital lifetime is obtained after further integration and is

expressed as
| C m e
Ns"No =3 V36 (E'TD )—- , ¢ >150 (5.9)

The density parameter, p /G, for various altitudes is presented

in Figure 10,
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Figure 11. Lifetime of an earth satellite in a circular orbit
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An independent exact solution is possible for the asymptotic case

of ¢ = 0. For the circular orbit,

C A r
D _ 2 dr
"D Ny = S = o sa0)

The solution is plotted in Figure 11 for a family of load factors.
In this figure the load factor of Sputnik V rocket was determined, The
effect of the earth's oblateness on the altidude of the satellite has an
important effect upon the ballistic coefficient value determined.

A measure of the validity of any assumption is in the result. For
the case of Equation (5.8), it was found in comparing the actual satellite's
motion and the machine computations, that the prediction became poorer
as the linear eccentricity increased, It was {irst thought that since only
terms of order ¢ were used, the equation should not be expected to he
useful beyond 600 or 800 revolutions. It was found, however, than an
empirical factor of (c/100)°"266 could be included in Equation (5.8)
which then resulted in good agreement with decayed gatellites, The em-

pirically corrected equation is then

N sl JETf m\ e (¢ 0366
T 2 le(CDK) pYq (m) c > 150 (5.11)

This equation has been plotted in Figure 12, With either Figure 12 or
Equatien (5.11), the satellite lifetime and load factor can he determined
using two values of liucar eccentricity separated by a known number of
revolutions,

In the absence of reliable satellite data at low eccentricities,
machine computations were used to evaluate Equation (5.11). Equation
(5.11)was found to predict too few a number of revolutions. This could be
corrected by using the (1 + dq/dc) factor which must be corrected to
equal zero at ¢ > 200. The final equation is

. 1 S m e c 0.366 dq
Nr =57 Voo (EBT)EE{ (m) (’ *Ea) (5.12)
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This equation agreed with numerical calculations and satellite data at

all values of linear eccentricity. In Figure 12, a comparison is made

of Equations (5.11) and (5.12). It is seen they are identical for ¢ > 150 .

as expected. The nonlinear term in Kquation (5.12) is the source of

longer lifetime at low cccentricities than predicted by lincarized theory.
IZquation (5,12) is also plotted in Figure 14 using a larger scale.

in order to show the motion of 1961 Zeta and 1959 Epsilon iI. These two

abjects were plotted according to their observed altitude and linear ec-

centricity. In this comparison and others which follow, the source of

information is the Space Track Bulletinsg, It should be recognized that

this orbit information is preliminary and in most cases is revised after

more observations are reccived and further analysis made, The re-

vised'orbit information, however, usually lags far behind the satellite's

lifetime,  The working analysis should, therefore, be designed for the

preliminary data, .
The approximate equation (5.12) as fitted to satellite dati is

plotted in Fipgures 13 and 14 as & function of lincar cccentricity, The

result is a Gunily of curves for cich of the various altitudes, There

is a slight decrease in slope at low eccentricities with increasing al-

titudes. The nonlinear term added at low cccentricities is a function

of altitude, The family of curves can be reduced to a single curve,

exciuding the nonlinear Lerm, usiny the normalizing height factor

as platted in Figure 15, Slight corrections are present for low ccecentrici-

ties, .
Since it has been possible to collapse the family of curves into one

curve, the total number of revelutions and ballistic coefficient can be

separated, Using curves of total number of revolutions versus linear ec-

centricity the ballistic coefficient can be determined, This has been done

in Figure 10 for a large number of satellites. The ballistic coefficients

for cach satellite is listed in Table 5-1, .
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The satellites plotted in Figure 16 have inclined orbits ranging
from 28 to 82 degrees. Their perigee heights range from 178 to 300
km. Even with all these wide differences, the variation of revolutions
and linear eccentricity were similar and could be plotted on the same
curve. Figure 16 demonstrates the close approximation of Equation
(5.12) with actual satellites, The decay of 1960 Kappa appeared unique
due to its marked departure from the empirical curves. The marked
shift in the data from 1960 Sigma should be attributed to poor orbit in-
formation at the time of demise, The IBM program to simulate 1960

Sigma was evaluated at the wrong value of area-to-mass ratio.

V1. DISCUSSION OF SATELLITE DECAY

The purposc of this study has been to develop techniques for the
analysis of satellite motion near its demise, It is well known that as
the satellite approaches its demise, the usual sccular motions undergo
rapid changes as a result of the predominance of drag force, The ap-
proximate method developed and discussed previously, ig sufficient
in most cases to predict the number of revolutions before decay, This
is only a gross csatimate and necessarily excludes effects such as the
oblate earth and a rotating atmosphere,

To explore in detail the three-dimensional motion of the satellite,
the program just described has been written, It has not been possible to
use this program thoroughly in an analysis and hopefully further usc and
analysis can be made at a later date, In the meantime a brief analysis
was completed which permits a discussion of the more prominent
features of the satellite motion,

The first orbit element to be studied was the linear eccentricity.
This would also provide a check to the approximate solution, The rate
of change of linear eccentricity per rfevolution with various ballistic coef-
ficients is presented in Table 6-1. The variation of linear eccentricity
for both the sphere and the cylinder were also determined assuming no
heat transfer (Sr * 5) and plotted in Figure 17, In Figure 17, it can be

seen that the linear eccentricity decreases as expected until the satellite
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descends to an altitude of 220 km, at which time, the linear eccentricity
expe riences short but almost instantaneous decreases,

Further study of satellite motion at very small linear eccentricity
indicated poor agreement with the approximate method. Consequently,
corrections were added to the approximate curves, The numerical cal-
culations were the only means of obtaining representative satellite motion
at small linear eccentricity.

Additional orbit elements were studied and are also reported in
Table 6-1, The motion argument of perigee in the absence of drig can
be described by Equation {3.9). At inclinationa greater than 63,34 deg,
the perigee moves opposite the satellite while at lower inclinations, the
motion is in the direction of the satellite, ¥For small drag forces
(D/w < 2,4978 X 10-‘), no effect due to drag is noticed. However, for
large.drag forcen, radical cffects are observed, A sample case is pre-
sented in Figure 18 where at about 150 km, (D/w & 90), large sudden
variations in the perigee motion appear, The motion, however, remains
periodic until an altitude of 110 kin where the perigee then begins to travel
at the rate of phi, the polar angle. It is at this same time that the emis-
sivity has recached a maximum and bhegun to increase toward one. Further
detail can be seen in Figures 19 and 20, These two curves are different
and the ditference may be due to the initial heights, Similar differences
have been observed in satellite decay. For instance, the unusual be-
havior of 1960 Kappa as plotted in Figure 16a. The usual behavior is
spiral decay at a constant perigee distance. A possgible explanation for
1960 Kappa's behavio. is assuming the ballistic cocfficient increased
in sonmc manner,

The ¢ccentricity undergoes unusual changes at low altitudes, It
is seen that the elliptical orbit gradually shrinks to some magic mini-
mum, which appears also to be a function of initial conditions, and then
it rapidly increcascs toward one as the satellite path becomes ballistic,
An cxample of this behavior is presented in Figure 21, Tabie 6-2 pre-

sents some observed minimum values of eccentricity during several

IBM runs.
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Table 6-2

Minimum Values of Eccentricity

Hi Ei Crir CDA/W Emin © min
154 0.05 343 1.3 0.001309 8.51
194 0.0097 64.2 0.87 0.003825 21
169.8  0,00101 6.64 0.87 0.0007846 5,1
200 0.01483 99,00 1.0 0.00384 25
150 0.00761 50,054 1.0 0.003 ° 19
200 0.00075 4.966 1.0 0.0004455 2.92615
250 0.0037576 25 1.0 0.00107 7.028
250 0.0074871 50 1.0 0.0012 8.5
140 0,044 300 1.0 0.0015 9.68
200 0.00754 50 1.0 0.0027 18,03
150 0.0151 100 1.0 0.001 9.38

Figurca 22 and 23,
due to the carth's oblatencss,

altitude loss with large drag forces,

The motion of the perigee and perigee altitude can be seen in

The very unusual behavior of the perigee height is

Figurce 24 demonstrates the rapidity of

This curve is an over exaggeration

of real satellites as it is based on free malecular flow even at low al-

titudes of 100 km,

dicted by free molecular theory,

no! noticeable.

in the backward motion of the right ascension,

In reality, the drag coefficient is smaller than pre-

The effect of drag on the argument of right ascension is also

With larger drag forces there is a very small increase

Even at very large

forces, the change in the motion of argunent of right ascension is small

and nearly unnoticeable,

rotate with the earth,
velocity produces an increased drag force,
augments the rate of motion of all the elements,
in Table 6-1 between the wind on and wind off,

some cases is as high as ten per cent.

not been verified and quite possibly it is too large.
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In all of the above computations, the atmosphere is assumed to
This wind velocity when added to the satellite
The enlarged drag force

A comparison is shown

The increase in rate in

The assumed wind velocity has

The assumption
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becomes pooreyr with increasing altitude.

The initial conditions for Figures 19 through 24 are identical,

As a final comparison, the approximation often made of a con-
stant drag coefficient equal two was compared to one computed, Figure
25 demonstrates that Cpy = 2.0is a poor assumption, It resultedina
loss of 0,9 kin/rev linear eccentricity and a 0,3 km/rev loss in altitude
over that for the computed drag coefficient using Equations {2,18)
through(2.20), These are scrious crrors and point the need to use the

rnore accurite represcntations for drag coefficient.

ViI. CONCLUSIONS

A discusasion of satellito motion near the end of its lifetime hag
been presented, The motion was observed to be very {rregular under
large drag forces, The effect of the irrogular motion on the total
sateltite lifetime was small, During the time of the irregular motions,
the satellita is expected to have no more than 10 to 30 revolutions re-
maining before decay. This is a matter of one or two days, For satel-
lite decay predictions better than this, numerical calculations such as
those used here should be employed, The program written for this
study is well suited for the short range (N < 500 revolutions) predic-
tivns., Long range predictions probably require too much machine time,

Considerable effort was made to improve the approximate method.
Satellite observations and numerical computations were used to adjust
the approximate method. The resulting equation when used for decay pre-
dictions is accurate to three significant figures., The equation graphcd
is a very good way to handle the primary satellite orbit data. On the
graph it is clear in what manner the satellite decays, The significance
of the empirical factor (c/100)%'3¢é required to correct the approximate
equation has not been studied. It would be interesting to attempt to dis-
cover the effect it has on the assumption made at the beginning of the ap-

proximate method,
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